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Verifying Tail Modulo Cons using
Relational Separation Logic

Program transformation implemented in the
OCAML compiler by Frédéric Bour, Basile
Clément & Gabriel Scherer.
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Verifying Tail Modulo Cons using
Relational Separation Logic

Formalize the transformation and its soundness.
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Verifying Tail Modulo Cons using
Relational Separation Logic

Prove soundness using an adequate IRIS binary
logical relation a la SIMULIRIS.
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The map problem: natural implementation

let rec map f xs =
match xs with
I —
(]
| x :: xs —
let y = f x in
y :: map f xs

# List.init 250_000 (fun _ — ())
| > map Fun.id
|> ignore

)

Stack overflow during evaluation (looping recursion?).
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The map problem: natural implementation

4/19



The map problem: APS implementation

let rec map ys f xs =

match xs with

0 -
List.rev ys
| x :: xs —
let y = £ x in

map (y :: ys) f xs
let map xs =

map [] f xs

# List.init 250_000 (fun _
|> map Fun.id
|> ignore

- )

)

unit = ()
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The map problem: APS implementation
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The map problem: DPS implementation
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The map problem: DPS implementation

let rec map_dps dst f xs =

match xs with

1 —
set_field dst 1 []

| x :: xs —
let y = £ x in
let dst’ =y :: []
set_field dst 1 dst’
map_dps dst’ f xs

# List.init 250_000 (fun
|> map Fun.id
|> ignore

- : unit = ()

E

let map f xs =
match xs with
[ 1 —

= )

(]

i Xs —
let y = £ x in
let dst =y :: []
map_dps dst f xs
dst

)

in
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The map problem: TMC

let [0tail mod_cons] rec map f xs =
match xs with

00 -
t]

| x :: xs —
let y = £ x in
y :: map f xs

# List.init 250_000 (fun _ — ())
[> map Fun.id
|> ignore

- : unit = Q)
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DATALANG:

Index
Tag

Def
Prog
State
Config

syntax

v uvwwuwuwuwwuw

v v w w

®

P

P

R o S O ok S

), W

0]1]2

Oliltlblr]ef
v|x|letx =€ iney | €5 &3
e1 = ey | if e then e; else e
{t, €1, 62}

e1.(ea) | e1.(e2) < e3

recr =¢

F ™2 Def

L 5 Val

Expr x State
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DATALANG: map

map = rec f xs =
match xs with
I —
[]
| x :: xs —

let y = f x in
y :: Gmap f xs
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TMC transformation

¢ S
€s > € ds o dt
dir dir
£ ¢
(edst7 €idz, 65) HA_) €t ds > dt
ps dps

DPs ~ Dt
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TMC transformation: map

= rec dst idx f xs =

map = rec f xs =

match xs with match xs with

[ [l — | 1 —
[ dst . (idx) « []

| x :: xs — | x Xs —
let y = £ x in let y = £ x in
let dst =y :: B in let dst’ =y :: B in
c] dst 2 f xs ; dst.(idx) <« dst’ ;
dst @ dst’ 2 f xs
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Transformation soundness

Ds ~ Py program p, transforms into program p;
I
Ps = Pt program p; refines program p;

(termination-preserving refinement)
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Transformation soundness

Ds ~ Dt

Ds Zpt

program p, transforms into program p;

program p; simulates program p;
relational separation logic, SIMULIRIS
9

program p; refines program p;
(termination-preserving refinement)
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Specification in separation logic

(777}

Omap v, = @map vy

(777}

(727}

Omap v, = @map_dps £ i vy

(777}
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Direct transformation

{vs = v }
Omap v; = Gmap v,
{ws, wy. wg = wy}

RELDIR (SIMULIRIS)
f € dom(py)
Vs = UVt
Vg, wi. ws & w, = ®(wg, w;)

@f Us 2 ©f Ut [CI)]

~Y
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DPS transformation

{vs = v * (0 +1i) —, B}
@map v, 2, Omap_dps i v,
{we, O.Fwiw, ~w;x (0+1) ¢ w; b

RELDPS
f[f] = fdps
U, /Uy
v, T
Vg, wpw, & wp =k Ly Tli— wy] = D(w,, )
of 0. 2 O i 71 [2)

RELPROTOCOL
X(es,er, V) Ve, e Vey,ep) = e 2 e (X) [P
es 2 e (X) [P]
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Proof sketch

fs = fi TS5 R TS

@map fs ss @map fi xs¢

Vv
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fs = [i

TSs R ISy

RELPURE
p Dt
es — ey er——rep e e @]
pure pure
es 2 e [P]

@map fs xSs

Vv

@map fr zs¢
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Proof sketch

fs = ft TSs RS XSt

match zs; with

match zs, with [ [1 —
[0 — (]
(1 | x :: xs8’ —
| x :: xs’ — e let y = f; x
let y = fs x in let dst =y :: I in
y :: Omap fs xs’ @map_dps dst 2 f; xs’
dst

>
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RELMATCH
es0 2 €t0 {%}
es1 2 e [P
V T, Tt, TSs, TSt. Tg R Ty —k TS5 R TSy —* €52 = €12 |P]

match e;g with match e with
| [ — es Z | 0 — en [(D]
| T 1: 285 — eg | 2 11 x8; — e

18 /19



Proof sketch

fs = fi TS5 R TS

(] (]

Vv
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Proof sketch

fs = [t TSs == IS¢
Ts o Tt TS, = xsi
let y = f; ©y in
let vy = fs =, in let dst =y :: W in

y :: Gmap fs s,

@map_dps dst 2 f; zs} ;
dst
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/ N
A | re o~ 7re
RELVCALLSIMILAR
fs = fi Ts = Ty

fs x5 2 fr v {=}

let y = fs z5 in let dst =y :: B in
y :: Gmap fs zs, pe @map_dps dst 2 f; xs; ;
dst
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Proof sketch

fs = fi TSs = TSt
~ , ~
Ts R Xt T8, = TSy

Ys = Yt

let y = y; in

let y = ys in let dst =y :: B in
y :: @map fs x5, e @map_dps dst 2 f; zs} ;
dst
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Proof sketch

fs = fi TS =2 TSt
/ /
Ts R Ty TSy A TS,
Ys = Yt
let dst = 3y :: B in
Ys :: Omap fs s, > @map_dps dst 2 f; zs} ;
~ dst
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Js = fi TSs RS TSy

/
T =X Ty TS, =~ IS,

RELTGTCONS
V.0 (CONS, v1,v2) = e5 = £ [ D]

es 2 vy 1 vg [P

let dst =y :: B in
@map_dps dst 2 f; as
dst

LV

B
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Proof sketch

Js =~ fi TSs = TSy

Ys = Yt

et g’ (CON87 Ut, .)

let dst = /¢ in

@map_dps dst 2 f; xsé ;
dst

Ys :: Qmap fs s,

vV
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fi TSy R TSy

2

I, e o !
Ts R Ty TS, R TS,
RELTGTPURE
¥ 43 ! !
e — e es 2 € [P]
pure
es 2 e [(I)]

let dst = /¢, in
ys =t C fs as > @map_dps dst 2 f; s} ;
- dst
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Proof sketch

Js =~ fi TSs = TSy

Ys =~ Yt

et 1t (CON87 Yt, .)

O@map dps ¥¢; 2 xS,
Ys :: @map fs s, ¢, p_daps £t ft xsi

Vv
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Js = [t TSs = TSy

RELDPS2
f[f] = fdps
Vs = V¢
E '_>t (t,'U]_,'UQ)
YV wg, wi.ws &2 1wy =k £ =y (t,01,w;) = ®(ws, ()

@fv_sZ©fdps£2U_t[q)] -

Q be 2 fr s, ;
Ce

VvV
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Proof sketch

fs = ft TSs RS XSt
! /
Ty R Ty T8y = TSy
Ys = Yt
YSs = YSt

gt =t (CON87 Yt, yst)

yS - yss ( ) 5 gt

vV
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Proof sketch

fs = [t TS RS

/
:L‘S%:L‘t TS ~

Ys = Yt
YSs ~ Y3y

gt 1t (CON87 Yt, yst)

TSt

TSy

Ys 11 YSg Et

vV
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fs =~ fi TS RS TSy

g / ~~ J ,/
Ts R Ty LSy R TSy

RELSRCCONS
VL.l —s (CONS,v1,v2) = £ 2 e [P]

v i vg 2 ey [P

by

LV
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Proof sketch

Ys = Yt
Yss = Yst
et =t (CONS, Yt, yst)

ls —5 (CONS, ys, ys,)

b

Vv
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fs =~ fi TSs R TSy

RELBIJINSERT
ls s Us
by =1 ¢
Vs & Ut

by =l es 2 e [P

es 2 et [dﬂ
(s > 0
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Proof sketch

fs ~ ft TSs =
/
Ts Xyt T8, =
Ys = Yt
Yss = Yst
68 %ﬁt

ISt

s,

&

Vv
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Concluding remarks

» The real proof deals with the abstract
relational transformation.

» Details regarding the undetermined evaluation
order of constructors were eluded.

» Other program transformations verified using
protocols: APS, inlining.
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Thank you for your attention!



Simulation

A sim. X sim-inner. X (P, es,et).Vos,0s.1(0s,01) = 2
[ @ I(os,00) * P(es, et)
I(os, 0¢) * strongly-stuck,, (es) * strongly-stuck,,, (es)

+ . .
Jel, 0l (es,05) = (e, 00) % I(a), o1) * sim-inner(®, el er)

CESRS

reduciblep, (er, 01) * Ve, 0. (er, 01) — (€}, 0}) =+ B
sim-bodyy = V ® I(os,0}) * sim—inne:_(@,es,eD
V| ® 3e,0l(es00) 257 (h,0l) *
Loy, 0p) * sim (P, e, €})
® 3IKs, e, K€}, V.
es = Kslel] x et = Kilef] « X(, e, e}) * I(0s, 0¢) *
Vel el . W(e), e}) -« sim-inner(®, Ks[el], Ki[e}]])

sim-innerx = X sim. u sim-inner. sim-bodyx (sim, sim-inner)

simx = v sim. sim-innerx (sim)
es 2 et (X) [®] = simx (P, es, er)

~

es 2 et (X) {P} :=es 2 et (X) [)\(els, €}). Jvs,vp. el = vs * ef = vy * <I>(v5,vt)]
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TMC protocol

Xdir(qjv €s, et)

XDPS(‘Ija €s, €t)

X1Mme

3 f,vs, vy

f € dom(py) *

es =QOf vy ke = Qf v x Vg X U %
Vol vy vl & vp = W (vl v))

3f7fdps>7)87€>i7vt-

f € dom(ps) * §[f] = Faps *
es:@fvs*et:@fdps (0, 3), v) *vs = Vg %
(L+i)— W=«

Vol vp. (€+1) — vy x vl = oy = U (v, O)

Xair U Xpps
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